We propose three supersymmetric nonlinear sigma models with global symmetry Es. The models can accomodate three left-handed families of quarks and leptons without incurring Adler-Bell-Jackiw anomaly with respect to either the standard SU(3) x SU(2) x U(1) gauge group, or the SU(5), or SO(10) grand unifying gauge group. They also predict unambiguously a right-handed, fourth family of quarks and leptons. In order to explore the structure of the models, we develop a differential form formulation of the Kahler manifolds, resulting in general expressions for the curvature tensors and other geometrical objects in terms of the structure constants of the algebra, and the squashing parameters. These z--results, in turn, facilitate a general method for determining the Lagrangian to quartic order, and so the structure of the inherent four-fermion interactions of the models. We observe that the Kahlerian condition U!U = 0 on the fundamental 2-form w greatly reduces the number of the independent squashing parameters.
Introduction and Summary
..-Among the field theories that are useful in physics, pure gauge field theories, the general theory of relativity, and nonlinear sigma models distinguish themselves by their elegant embodiment of symmetry. Both the particle content and the form of interactions in these theories are uniquely determined by symmetry, leaving only the magnitude of the coupling constants free. The coupling constants of gauge field theory are dimensionless while their counterparts in general theory of relativity and nonlinear sigma model are dimensionful. Consequently 2 only gauge field theories are renormalizable. For the other two, the dimensional coupling constants define the critical mass scales beyond which the theories fail;
in other words, the underlying physical systems enter a new phase at these critical mass scales.
In the nonlinear sigma model for pions ,l the dimensional coupling constant FT denotes the mass scale characterizing the dynamical spontaneous breakdown of global chiral symmetry SU(2),5 x sum to SU(2)v. The origin of the chiral symmetry is easily understood in terms of the quark model of hadronic matter.
Analogously, in general relativity, the Planck mass, Mp, may be taken as a critical mass scale beyond which space-time enters a different phase. z--
The standard SU(3) x SU(2) x U(1) gauge theory2 for the strong, weak, and electromagnetic interactions is renormalizable. When it is extended to incorporate the quarks, leptons, and the Higgs scalar fields, care is taken to preserve renormalizability. The only dimensional parameters appearing in the Lagrangian are the mass terms of the scalar fields. Extension to grand unified gauge theories3
with asymptotic freedom further tames the running coupling constant of the original U( 1) in the ultraviolet region. The characteristic mass scales brought out by renormalization procedure, and at which the gauge couplings diverge, appear at the infrared region. We would like to retain, as far as possible, this picture of gauge interactions, grand unified or not, in the present paper. The standard formulation carries with it an implicit assumption that quarks and leptons are elementary, or equivalently, of the absence of a critical mass scale (A,,) in the ultraviolet region, around and beyond which the quarks and leptons will not be the proper dynamical degrees of freedom. So far there is no experimental evidence in direct conflict with the assumption of elementary quarks and leptons. 3 If A, does exist in nature, then from the (g -2) factor of electron and muon one estimates A, > lo3 TeV,4 and from e+e-Bhabha scattering A, > 750 GeV.5 In either case A, is much greater than the known masses of quarks and leptons.
In this paper we explore the implications of the plausible existence of & in terms of supersymmetric nonlinear sigma model.6 What we hope to derive ultimately is a natural explanation of some features of elementary particle physics not accounted for by standard renormalizable field theory.2s3 These features include the three-family structure of the observed quark-lepton spectrum, and the mass matrix of quarks and leptons. The mass matrix would involve inevitably the scale characterizing the breakdown of the sum x U(1) symmetry to U(l),.,., a-therefore the physics flowing from A,, though perhaps necessary, is certainly not sufficient for this purpose. The three-family structure, in contrast, is independent of the mechanism for the symmetry breakdown and so might be determined completely by physics at A,. Supersymmetric nonlinear sigma model provides a field-theoretic setting that accommodates massless fermions, henceforth to be referred to as a-fermions; massless spin-0 bosons; and a critical mass scale A, in the form of a dimensionful coupling constant. The model assumes that the phase beyond A,,, which we shall call the preonic phase, possesses supersymmetry. It makes no assumption about the proper dynamical degrees of freedom in the preonic phase of matter. Each nonlinear sigma model is characterized by an abstract manifold on which the spin-0 Bose fields take values. 7 The collection of general coordinate transformations on the manifold which leave the length of infinitesimal line element on the manifold invariant forms a group called the isometry group. A subgroup of the isometry group which leaves a point p of the manifold fixed is called the 4 isotropy group at the point p. Obviously the tangent space at the point p forms a linear representation of the isotropy group, called the isotropy representation.
For the manifolds that interest us, both the isotropy group and the isotropy representation are the same for every point of the manifold. The action of a nonlinear sigma model is invariant under the isometry group of transformations of the abstract manifold.
The abstract manifold for N = 1 supersymmetric nonlinear sigma model6 in (3 + 1) -dimensional space-time must perforce be a Kahlerian complex manifold.8
The spin-0 bosons are represented by complex scalar fields, denoted by 8, and the a-fermions by two-component Weyl fermions, denoted by xi. Together with .?-auxiliary complex scalar field F', I$' and x' form a chiral superfield 0'. The superspace action takes the form
where K(@', Q*j) is a real function of the chiral superfields @, and antichiral superfields @*j , which is obtained from the Kahler potential K(#, r$*j) by simply substituting a' for C@ , and Q*j for 4*j. Obviously the action is invariant under the transformation
where 
z--and Dx' = ax" + giL*akgjl*d&Xk (6) where g'l* is the inverse of the metric tensor gij*.
A beautiful class of Kahler manifolds exist, where each can be expressed as a coset space G/H. Here G is a compact, connected, simple Lie group and H a closed subgroup which is the centralizer of a torus in G. G/H is a homogeneous space with isometry group G and isotropy group H. The scalar fields #, being a local coordinate system of the manifold, form a nonlinear realization of G. Let us now outline the order of presentation in the present paper. In Section 2 we determine the invariant complex structures for the Es/H manifolds by analyzing the root space of the Lie algebra Es. We then find a proper basis for the algebra, and construct the commutators in terms of this basis. The isotropy representations, and so the field content of the E8 models, are determined in this section.
In Section 3 we develop a differential form approach to Kahler manifold.
We derive the general expressions for the various geometrical objects such as connection l-form, curvature 2-form, and Ricci 2-form, which are not available elsewhere in the literature. It is here that we find the results relating to squashing that we mentioned above.
In Section 4 we propose a general method for determination of the Kahler potential to the quartic order. We apply the method to one of the Es models, namely that with H = SO(l0) x SU(3) x U(1). factor. We also observe that both I" and I?" incur AB J-anomaly with respect to I :r 1 14 at least one U(1) factor of the respective isotropy groups. One cannot gauge these anomalous symmetries . The anomalous U(1) ('g) provides naturally a PecceiQuinn symmetry because of the U( 1) -SO(10) -SO(10) triangle anomaly.
Geometrical Objects on Kahler Manifold
We regard Kahler manifold G/H as a collection of right cosets {gH} parametrized by complex numbers (2'). The left action of g E G on a coset representative L(z, z*) is given by
-.?-where h, an element of H, and L(z', z*') are functions of g and L(z,z*). The -explicit form of L(z,z*) depends on the specific embedding of G/H in G.
A left invariant l-form can be defined in terms of L(z, z*):
It takes value on Lie algebra of G. We shall denote by {Ta} a basis for the algebra, adapted to an invariant complex structure. We use the following index de=-eAe (14 And from the antihermiticity of e and Ta, i.e. e+ = -e, Tt = -TI,, and Tz = -T,, we have (ef)* = efz and (eq)* = eF*.
The action of g E G on the l-form is given by the transformation law e(z', z'*) = h(g, z, z*) e(z, z*) h-'(g, z, z*)
Or, equivalently, And the model has only one independent characteristic mass scale. This property is shared by all supersymmetric nonlinear sigma model in which the center of the isotropy group H has only one U(1) f ac t or; the ratio among CI is identical to the ratio among the eigenvalues of the U(1) g enerator in the isotropy representation.
In the case when the center of the isotropy group H has two or more than two U (1) 
',
The nonvanishing contributions to the factor x1 fiI of Eqs. (28) and (29) We have succeeded in inventing a general method for calculating the Kahler potential to quartic order, which will be explained in the following.
--Given a connection l-form for a Riemann manifold, the antisymmetric part of the connection is simply the torsion, which transforms as a tensor under general coordinate transformation on the manifold. The symmetric part is not a tensor,
and its value at a given point may be created or annihilated by proper choice of a local coordinate system. A Kahler manifold has zero torsion; therefore, a coordinate system exists such that the connection vanishes at the origin of the 20 coordinates. We denote by (4') th e coordinate system, and K(4,4*) the Kahler potential with respect to these coordinates, then and
The first order, and the third order derivatives of K(+,r$*) vanish at the origin.
Therefore the values of the metric tensor and curvature tensor at the origin of a-the coordinates are sufficient to determine the Kahler potential to the quartic -order. The metric tensor at the origin is simply Sij*, and the value of curvature tensor at the origin is determined by Eq. (27) in terms of the squashing ratios C'I and the structure constants fF+,. 
The Four-Fermion Interactions
A supersymmetric nonlinear sigma model has four-fermion interactions, Eq. 
